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The static dielectric constant of the polarizable Stockmayer fluid is computed through Molecu- 
lar Dynamics simulations where long range electrostatic interactions are computed either by 
reaction field or by lattice summation method (Ladd expansion). The effects on the simulated 
dielectric constant of the truncation of the Ladd expansion and of the cutoff distance in 
reaction field geometry have been explored for different values of the polarizability. 

Keywords: Molecular Dynamics simulation; polarizable Stockmayer fluid; dielectric constant; 
lattice summation; reaction field method 

1. INTRODUCTION 

The computation of the static dielectric constant of polar fluids has received a 
great deal of attention in the last two decades in theoretical works [l-61 as 
well as in computer simulations [7]. Most of the simulation studies have 
focused on simple models, as the Stockmayer fluid [S-111, the dipolar soft 
sphere [12-141 and hard sphere fluids [4] and a number of molecular 
liquids, mainly water models [15-211. In the field of Monte Carlo (MC) and 
Molecular Dynamics (MD) simulations, much effort has been devoted to the 
methodological aspects of such calculations [4,7,8,22-26]. The notorious 
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368 C. MILLOT et a/. 

difficulty of obtaining this fundamental physical property with reasonable 
accuracy (implying very long simulations) has motivated some work aiming 
to improve the efficiency of the simulation. In particular, it has been shown 
that the reaction field technique can lead to a static dielectric constant of 
the Stockmayer fluid in good agreement with the lattice sum prediction 
[27, lo]. Moreover, Neumann has studied the sensitivity of the result to the 
truncation of the Ladd expansion [28,29] and shown that a truncation at 
the order 6 already gives a result close to the converged result [lo]. Due to 
the large amount of computer time required, the dielectric constant of 
polarizable fluids have been less studied. The pioneering work of Pollock, 
Alder and Patey [30] on the polarizable Stockmayer fluid has shown that 
the electronic polarizability has a considerable effect on the dielectric con- 
stant. Mooij er al. [31] have reported simulation results of the static dielec- 
tric constant of mixtures of Stockmayer and polarizable Lennard-Jones 
particles. The dielectric constant of water has also been determined using 
polarizable models [32-351. With the appearance of parallel computers, 
molecular modelling including explicitly the polarizability in the force field 
is rapidly developing and computations of the dielectric properties of polar- 
izable fluids will soon become routine. 

In this work we are interested in comparing the static dielectric constant 
of the polarizable Stockmayer fluid obtained from M D  simulations where 
long range electrostatic interactions are computed either by a lattice sum- 
mation technique (Ladd summation supplemented by a conducting bound- 
ary reaction field) or by a Barker-Watts reaction field approach [36]. 
Several M D  simulations have been carried out with different values of the 
polarizability, number of particles, truncation of the Ladd expansion, and 
cutoff distance in reaction field geometry. Such comparisons supplement 
similar studies done with the (non-polarizable) Stockmayer fluid [ 101. 

The system studied and the details of the computations are described in 
section 11. Our results for thermodynamical, dynamical and dielectric prop- 
erties are presented and discussed in section 111. 

2. METHOD AND COMPUTATIONAL DETAILS 

The total potential energy of N polar/polarizable Stockmayer particles can 
be written [37]: 

u = u,, + Udip + u,, =-c 1 c4.,,(("':1)" - (51) 
2 i jzi 'ij 
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POLARIZABLE STOCKMAYER FLUID 369 

where pi and pi are the permanent and induced dipole moments respective- 
ly, rij the distance between particle i andj,  u the point isotropic polarizabil- 
ity and Tij is the dipolar interaction tensor. U,, is the Lennard-Jones 
energy, Udi, is the total dipole-dipole electrostatic energy of the system and 
U,, the reversible work required to create the induced dipoles. 

The induced moments are obtained from the equation: 

The induced moments are computed in an iterative manner. In our pro- 
gram, they are initiated with the values of the previous MD step and 
convergence is achieved in 5-7 iterations. Inserting Eq. ( 2 )  in the expression 
of U,, of Eq. (1) leads to: 

Ue,  (interactions between permanent dipoles) and Uind (interactions between 
induced and permanent dipoles) are respectively called electrostatic energy 
and inductiori energy in the theory of intermolecular interactions. 

In reaction field geometry, the electrostatic tensor is given by: 

if the distance between both particles rij is smaller than R, (cutoff radius), 
cRF is the dielectric constant of the continuum and 1 the 3 x 3 unit matrix. If 
rij > R,,Tij is zero. 

The Ladd approach [28,29] is a systematic expansion of  the lattice sums 
leading, in the case of a cubic box, to a simple expression for the interaction 
tensor: 
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3 70 C.  MILLOT et a / .  

where the second term is a reaction field contribution, Yis the volume of the 
cubic simulation cell and the elements of the tensors T, are polynomials of 
cubic symmetry; their expressions up to TI, have been given by Neumann 
[ 10). Note that i) Neumann defines the interaction energy between two 
dipole moments as -pi Tijpj, and we use piTi jp j  and ii) we give electro- 
static formulae in the e.s.u. system. 

In Eqs (1)-(5), the self interaction terms (corresponding to the interaction 
of each particle with its own reaction field) are neglected. This point is 
discussed in Appendix A. 

The choice E~~ = x insures that the Ladd summation is formally equival- 
ent to the usual Ewald summation technique [lo]. In this work, the value 
E~~ = x has been chosen in reaction field geometry (RF) and in lattice 
summation geometry (LS). The Ladd expansion is truncated after the T,, T, 
or T,, terms (LS6, LS8 and LSlO respectively). The static dielectric constant 
cO of the system is obtained from the fluctuation formula [30]: 

where V is the cell volume, M the total dipole moment (permanent +in- 
duced) of the simulation cell and E ,  the high-frequency dielectric constant, 
estimated from the Clausius-Mossotti relationship: 

E x - 1  4TI 

E x f 2  3 - Pa (7) 

where p is the particle density and r the point polarizability. Pollock et a/. 
[30] have shown that Eq. (6) is valid in the usual Ewald summation geo- 
metry (cRF = GC); they have also given the formula 

for the case of a sphere in vacuum ( E ~ ~  = 1) and the equation 

( E o  - 1)(2&, + 1) 4T( ( E x  - 1)(2E, + 1) 
- - ---(M2)+ 

9 E 0  9 V k T  98, (9) 

for the case of a sphere embedded in an infinite medium with its own 
dielectric constant ( cRF = E ~ ) .  In Appendix B, it is shown that Eq. (6) is also 
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POLARIZABLE STOCKMAYER FLUID 371 

valid in RF geometry when cRF = co. For the non polarizable case, Eq. (6) 
(with M = x i p i  and E ,  = 1) is valid for both RF and lattice summation 
geometry if [ i R F  = co [23]. In Eq. (6),(8) and (9), it is assumed that the system 
is isotropic and that ( M )  = 0. When ( M )  # O ,  (M’) has to be replaced 
by ( M 2 )  - (M)’ in the fluctuation formulae; as extremely long simula- 
tions are required to get ( M )  = 0, in practice ( M )  is monitored during the 
simulation and used to obtain E ~ .  

MD simulations are done in NEV ensemble, with a time step At = 3 fs for 
a number of particles ranging from N = 125 to N = 729. The equations of 
motions of the particles, considered as linear molecules, are integrated using 
an algorithm due to Fincham [38]. The cutoff radius is taken to be equal to 
half the cell edge in RF geometry. In LS geometry, the short range Len- 
nardJones interactions are also truncated at half the cell edge; in that way, 
the RF and LS models differ only by the treatment of the electrostatic 
interactions. Because of the use of a cutoff, the energy is not exactly conser- 
ved and velocities are rescaled every 100 time steps in order to maintain the 
temperature close to 300 K and to avoid energy drift. Between two rescal- 
ings, the drift in total energy (more severe in RF than in LS geometry) is less 
than 1 % for N = 256 and a* = u/& = 0.05 in RF geometry. 

The calculations have been done on IBM RISC/6000 workstations and 
with a parallel version of our program on an IBM SP1 computer. With 
N = 256, one LSlO and RF  time step costs 7.2 s and 3.0 s respectively on 
one SP1 processor. Using eight processors, the waiting time has been 
divided by 7.3 in LSlO geometry and 6.4 in RF geometry. 

As a starting point, a state point of the Stockmayer fluid well studied in 
computer simulation has been chosen: p* = N&/V = 0.822, T* = kT/ELJ 
= 1.15 and p*’ = p’/(kTa;,) = 3.0. MD simulations have been done with 
different values of the polarizability a* = 0.025, 0.05 and 0.075. With these 
values of the polarizability, E ,  is equal to 1.3,1.6 and 2.0 respectively; 
consequently the term ( E ,  - 1)/3 in Eq. (6) is numerically very small in all 
our simulations of highly polar/polarizable systems. The nonpolarizable 
model has also been reexamined, our results are in agreement with the 
results of Neumann [lo]. Thermodynamic properties of the polarizable 
Stockmayer fluid in a large range of state points have been investigated by 
Kriebel and Winkelmann [39]. The parameters of the simulations in real 
and reduced units are given in Table I. 
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372 C. MILLOT et 01. 

TABLE I MD simulation parameters of 
the polarizable Stockmayer fluid (in real 
and reduced units) 

&,/kcal.mol- 0.5 18 
OLJI' 2.906 
P* = pa:, 0.822 
TI K 300 
T* = kTjeLJ 1.15 
u i D  1.6213 

3.00 
1.2271 

z* = aja:, 0.05 
m/g.mol-' 40.0 
I,, = I,,/g.mo~-'.A2 8.445 
AUps 0.003 
At* = At(eL,/mot,)''Z 0.0024 

3. RESULTS AND DISCUSSION 

Some thermodynamic properties are given in Table IT. The results for the 
static dielectric constant and related quantities are given in Figure 1 and 
Table 111. 

For the system with a* = 0.025 and N = 256, it is shown that the Ladd 
expansion converges quite quickly, LS8 and LSlO give roughly the same 
result, differing by a few percent from the LS6 value. Our estimate for E~ at 
this state point is 130 & 12. The RF geometry provides an estimate 
(125 & 10) in good agreement with the value. 

When the polarizability increases to the value a* = 0.05, keeping N = 256, 
the situation is significantly different. The Ladd expansion converges more 
slowly, LS6 leads to a mere 75% of the LSlO estimation for E ~ .  RF and 

TABLE I1 
= 1.15, p* = 0.822) as a function of reduced polarizability a*(U* = U/N&,,; P* = Pu~,/e,,) 

Thermodynamic properties of the polarizable Stockmayer fluid (.u*~ = 3.0, T* 

U:, T / K  P* a* N u* Uri" u:, U3d 

0.025 256 LS6 - 10.62 2.88 -4.97 -0.61 - 5.04 300.5 -0.20 
LS8 -10.61 2.89 -4.96 -0.61 -5.04 301.1 -0.25 

LSlO - 10.60 2.88 -4.95 -0.61 - 5.04 300.5 -0.26 
RF -10.55 2.92 -4.91 -0.60 -5.05 303.8 -0.22 

0.05 256 LS6 -11.73 2.88 -5.40 -1.60 -4.74 300.7 -0.37 
LS8 -11.72 2.89 -5.39 -1.60 -4.73 301.6 -0.31 
LSlO -11.72 2.92 -5.40 -1.60 -4.71 300.5 -0.29 
RF -11.56 2.93 -5.28 -1.53 -4.74 300.6 -0.47 

0.075 256 LSlO - 15.04 2.89 - 6.85 -4.64 - 3.55 300.0 5.13 
R F  - 13.65 2.93 - 6.24 -3.78 - 3.62 305.4 1.91 
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POLARIZABLE STOCKMAYER FLUID 3 73 

TABLE 111 Dielectric properties of the polarizable Stockmayer fluid (p*' = 3.0, T* = 1.15, 
p* = 0.822) as a function of reduced polarizability a*. For sufficiently long runs, errors bars on e0 
(given between parenthesis) are obtained from subaverages. ( M * ' ) ,  ( M * ) ,  ( M * ) ,  ( M : ) :  aver- 
ages of the square and components of the total dipole moment of the Gmulatih cell (reduced 
units). (p'f ): average of the square of the total individual dipole (reduced units) 

ct* N steps ( M * ' )  ( M : )  ( M : )  ( M : )  EO <p:,:> 

0.0 256 LS6'"' 
LS8"' 
LS I 0 'O' 

RF"' 

0.025 256 LS6 
LS8 
LSlO 
R F  

0.05 125 LS6 
LS8 
LS 10 
R F  

0.05 256 LS6 
LS8 
LS 10 
RF 

0.05 343 RF' 

0.05 729 RF 

0.075 256 LSlO 
RF 

105 

105 
5 x lo4 

3 x 105 

1.25 x 10' 

2 x  105 

3 x 10' 

105 

5 x 104 

2 x 105 
2 x  105 

10278 5.5 
11212 4.4 
11104 -0.7 
10782 0.0 

12560 -11.2 
16647 -9.5 
14690 -16.5 
1309 -4.9 

32953 -29.5 
42926 22.2 

31571 6.8 
43288 -18.8 

49918 -4.2 

153184 - 54.0 

351070 518.3 - 
187481 -24.1 

0.7 
11.6 
1.5 
3.2 

3.5 
14.0 
4.9 
1.3 

- 2.1 
- 3.1 
- 1.3 

1.5 

3.1 

6.1 

224.6 
192.2 

1 .o 
4.5 
1 .Y 

15.4 

23.4 
1.2 

- 12.0 
3.2 

- 4.0 
- 14.2 

36.6 
17.8 

- 32.1 

78.1 

194.9 
60.9 

67 
67 
64 
65 

121(10) 
131(15) 
130(12) 
125(10) 

283(20) 
390(40) 
34q20) 
17q20) 

3 74(2 5) 
49 l(3 5) 
488(30) 
358(30) 

423 

588 

3.00 
3.00 
3.00 
3.00 

3.59 
3.59 
3.59 
3.58 

4.60 
4.60 
4.59 
4.50 

4.60 
4.60 
4.60 
4.56 

4.58 

4.59 

7.61 
6.90 

('I: results for the non polarizable case from Ref. [lo]. 

LSlO also exhibit large discrepancies, the RF estimation (c0 = 360) being 
much smaller than the LSlO value (c0 z 490). 

For a* = 0.05, some RF  and LS simulations with different cutoff distances 
using different numbers of particles ( N  = 125,256,343 and 729) have been 
done. Four simulations (RF, LS6, LS8 and LS10) with N = 125 particles in 
the simulation box show that this system size is insufficient to obtain the 
best estimate c0 ~ 4 9 0 .  In that case, the LS8 and LSlO results are 20-30% 
smaller than when N = 256 and LS6 and RF  results are still significantly 
smaller. Kusalik has shown that the value of the cutoff in RF simulation has 
an effect on the dielectric constant larger than the particle number [14]. In 
our simulations in RF geometry, a cutoff value equal to half the cube edge 
is used, so we do not attempt to separate the effects of the cutoff value and 
of the sample size. Nevertheless, it seems reasonable that the observations 
done by Kusalik for polar non polarizable fluids remain valid for the polar- 
izable fluids. When the number of particles is increased from N=256 to 
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374 C. MILLOT et a!. 

N = 343, the prediction of RF geometry for E,, increases from 360 to 420 (for a 
run of 10' time steps or 300 ps). This trend seems to be confirmed by the result 
of the RF simulation of 5 lo4 time steps with N = 729 whch gives a value 
E~ x 590. It is worth emphasizing that t h s  last simulation is however too short 
to give an accurate estimate of the dielectric constant; there is no doubts that 
t h s  result is not converged, but the computer time requirement being 3.4 larger 
than for LSlO with N = 256, the simulation has not been repeated. 

In Figure 2, the average of the squared total individual dipole moment 
for a* = 0.05 in RF and LSlO simulations as a function of the number of 
particles (and cutoff distance in RF geometry) is presented. It is clearly 
found that this property is quite underestimated for the shortest cutoff 
distances. This fact plays an additional role in the systematic underestima- 
tion of the dielectric constant for the smallest cutoff distances. It can also be 
observed that RF geometry leads to a more pronounced dependence of E~ 

with the size of the system (or cutoff value) than LS geometry and this 
seems to be correlated to the underestimation of the averaged individual 
induced moment. From our results we suggest that a sample size/cutoff 
distance large enough to give a value of the averaged individual dipole inde- 
pendent of the system size should be a criterion to be satisfied in order to 
obtain a value of the dielectric constant also independent of the system size. 

500 

400 

300 

200 

100 

0.00 0.01 0.02 0.03 0.04 0.05 
a* 

FIGURE 1 Static dielectric constant c0 of the polarizable Stockmayer fluid vs. reduced polar- 
izability z*(p*' = 3.0, T* = 1.15, p* = 0.822, N = 256). 
x :RF; 0: LS6; Q: LS8; + : LSIO. The curves are only a guide for the eye and do not result from 

a fitting procedure through the points (the same remark can be made for Figs. 2 and 3).  
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4.61 I I I I I I 

4.60 _ _ _ _  _____-  J---------------------- - -____________ 
- _*- - 

L I I I I I I I 
100 200 300 400 500 600 700 800 

N 

FIGURE2 Average of the square of the total individual dipole moment of the polarizable 
Stockmayer fluid (p*’ = 3.0, T* = 1.15,p* = 0.822,u* = 0.05)~s.  the number of particles N in 
the simulation box. The self interactions are neglected. 
+: LSIQO: RF. 

When the value of m* increases, it is important to check if the system 
remains isotropic or if some kind of order is created. Some clues about the 
physical modifications arising in the system when a* increases from 0.025 to 
0.075 is given by the averages of the total dipole components in the labora- 
tory referential ( M x ) ,  ( M y ) ,  (MZ), which should be equal to zero for an 
isotropic system. The more polarizable system has largest averaged values 
than the other ones, this is partly due to the shortness of the simulations but 
can also indicate the occurrence of electrostatic order. Existence of dipolar 
order is better probed by the computation of the order parameters ( P I )  
and ( P , )  usual in the studies of nematics [40]. The instantaneous second- 
rank parameter P, is defined as the largest eigenvalue of the ordering 
matrix Q which elements are: 
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316 C. MILLOT et al. 

where u; is the a component of the unit vector pi along the dipole moment 
pi. The corresponding eigenvector is the instantaneous director d and the 
instantaneous first-rank order parameter P ,  is defined by: 

The dependence (P I )  and (P2) for our system as a ,dnction o, ;he polariz- 
ability is shown in Figure 3 and Table IV. They clearly indicate that for 
a* = 0.025, the system is isotropic (small departure from 0 for isotropic 
system is expected for finite size systems [41]) but when a* = 0.05, the 
system starts to exhibit a small electrostatic ordering in LS geometry. At 
ir* = 0.075, the system is significantly ordered. The system being anisotropic, 
the dielectric constant is a tensor rather than a single number. 

The dielectric relaxation time z D  has been evaluated from the exponential 
decay of (M(0).M(t))/(M(0)2). The values reported in Table V (zg 
= T ~ J ~  show that for N = 256 and a* = 0.025, LSlO and RF simu- 
lations are consistent; when a* increases, differences start to be noticeable 
(though the error bar on T~ is certainly large) when a* = 0.05 and increases 

A 

a" 
V 
a 
iz 
A 

P.l 
V 

I 

0.90 

0.80 

0.70 

0.60 

0.50 

0.40 

0.30 

0.20 

0.10 

0 

FIGURE 3 
fluid ( / I * ~  = 3.0, T* = 1.15,p* = 0.822) vs. reduced polarizability a*. 
O:(Pl)andLS10;~:(P,)andRF;+:(P2)andLS10 x : ( P , ) a n d R F .  

Orientational order parameters (PI  ) and ( P z )  for the polarizable Stockmayer 
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POLARIZABLE STOCKMAYER FLUID 377 

TABLE IV Orientational order parameters 
( ( P , )  and ( P 2 ) )  as defined in the text for the 
polarizable Stockmayer fluid ( P * ~  = 3.0, T* 
= 1.15, p* =0.822) for different values of the 
reduced polarizability a* and simulation con- 
ditions 

u* N 

0.05 125 LSlO 0.41 0.18 
RF 0.24 0.11 

0.025 256 LSlO 0.15 0.07 
RF 0.12 0.07 

0.05 256 LSlO 0.29 0.11 
R F  0.32 0.11 

0.075 256 LSlO 0.79 0.54 
RF 0.65 0.33 

TABLE V Dynamical properties (reduced units) of the polarizable Stockmayer fluid 
( P * ~  = 3.0, T* = 1.15, p* = 0.822, N = 256) for different values of the reduced polarizability a*. 
D*: translational diffusion coefficient; T: and T;: reorientational correlation times of the unit 
vector along the direction of the permanent dipole moment; T: and T*: relaxation time of the 
autocorrelation function of the macroscopic and individual total (per&anent + induced) dipole 
moment 

a* 0.025 0.05 0.075 

LS10 RF LSlO RF LSlO RF 

D* 0.078 0.076 0.08 1 0.081 0.046 0.079 

T: (a) 0.40[0.01] 0.38[0.00] 0.39[0.23] 0.46[0.06] 0.42[0.60] 0.60[0.13] 
(b) 0.41[0.01] 0.38[0.00] 0.42[0.14] 0.47[0.05] 0.57[0.61] 0.59[0.39] 

Z:(a) 0.10 [0.00] 0.10[0.00] 0.14[0.02] 0.16 [0.00] 0.18 C0.231 0.28 [0.07] 
(b) O.lO[O.OO] O.lO[O.OO] 0.13 C0.021 0.16 [O.OO] 0.18 C0.3 11 0.33 [0.08] 

2.2 2.0 9.3 6.6 > 500 50 

7: 0.40[0.01] 0.40[0.00] 0.55[0.13] 0.51[0.07] 0.57[0.71] 0.66[0.42] 
TZ, 

(a): correlation times obtained from (P,(u(O).u(t))); (b): correlation times obtained from 
(P,(u,(O)).P,(u,(t))) .  The numbers between brackets are the fitted C,, values (see text). 

dramatically for a* = 0.075. In this last case, zD is estimated to be larger 
than the simulation length in LSlO geometry. 

We have also calculated the reorientational correlation times of the unit 
vector u,(t) along the direction of the permanent individual dipole moment. 
The correlation times T~ ( I =  1 and 2) are obtained from a biexponential 
fitting procedure of the autocorrelation functions C,(t) = ( P,(ui(0).ui(t))) of 
the form: 
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and rl = A T ,  + (1 - A ) r B ,  P , (x)  being a Legendre polynomial of order 1. For 
an isotropic system, C ,  should be zero. The numerical values of 
r: = r l , / x  and C, are given in Table V. F o r  an isotropic system, the 
three directions x,y and z are equivalent, and rl  can be also obtained from 
( Pl (u i (0 ) ) .P , (u f ( t ) ) )or  ( P,(u;(O)). Pl(u;(t))) or (P , (u: (O)) .P , (ur( t ) ) ) ,  simi- 
lar behaviour holds for r 2 .  In Table V, a second estimate of the correlation 
times r: obtained from ( Pl(uf(0)).P,(uf(t)))is included. Differences between 
both determinations confirm that the system is far from isotropic when 
r* = 0.075 and the anisotropy is larger in LSlO geometry than in R F  ge- 
ometry. Eq. (12) has also been used to obtain the correlation time r,, of the 
autocorrelation function of the total (permanent + induced) individual 
dipole moment reported in Table V. 

We have checked that the system remains in a fluid phase and do not 
undergo a fluid-solid transition for all the values of the polarizability a*. 
The translational diffusion coefficient D has been calculated from i) the 
mean square displacement and from ii) the velocity autocorrelation func- 
tion; both determinations were found to be consistent. F o r  the three values 
of a*, the mean square displacement was always at long time a continuously 
(linearly) increasing function of time, proving that the system is not in a 
solid phase, so the appearance of dipolar order at sufficiently large polariza- 
bility is purely electrostatic and does not correspond to any trapping of the 
system in some solid-like structure. The numerical values in reduced units 
of the diffusion coefficient D* = D , / r n / E L p t J  are given in Table V. We 
notice that LSlO and R F  give identical results, except for the case 
a* = 0.075 where the system is not anymore isotropic, the anisotropy being 
larger in LSlO geometry than in R F  geometry. 

4. CONCLUSION 

Molecular Dynamics simulations have been used to compare the static 
dielectric constant of the polarizable Stockmayer fluid obtained by the 
lattice summation technique (Ladd expansion) and the Barker-Watts reac- 
tion field method. Both methods are found to give consistent and reliable 
estimates of the static dielectric constant if: i) the polarizability is not too 
large, ii) the sample size (cutoff distance in R F  geometry) is large enough 
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and iii) the truncation of the Ladd expansion is done at sufficiently large 
order (in practice LSl0 seems sufficient). 

A point of interest is to know if these findings will remain valid for more 
realistic models mimicking real fluids. No definitive answer can be given to 
this question without extensive comparisons of both methods. Noticing that 
the largest values of the dielectric constant c0 in the liquid phase are smaller 
than 200, one can expect that the reaction field and lattice summations 
methods should give consistent results for simulation boxes containing at 
least 250-350 molecules. It has been observed once again that the reaction 
field geometry is more sensitive to the size of the system than the lattice 
summation technique. In both cases, it is advised to choose a sample size 
leading to an averaged induced dipole independent of the sample size to 
obtain an estimate of the dielectric constant independent of the sample size. 
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APPENDICES 

A. Neglect of self interactions 

In RF geometry, a dipole can interact with its own reaction field; this 
interaction adds a corrective self term to the energy of the system. 

In LS geometry, the physical system simulated is a very large sphere 
(constituted by replicas of the central cell) embedded in a dielectric medium 
of dielectric constant cRF Each dipole interacts with its own images and 
with its own reaction field; the reaction field contribution is the only surviv- 
ing self energy term when the lattice summation is done inside a sphere. 

If the self interactions are taken into account, the induced dipoles are 
given by: 

with Tii. the electrostatic self interaction tensor: 
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l ) 1  LS 
471 2(ERF - T... = - - 

I 1  3v 2ERF + 1 

The overall electrostatic potential energy becomes: 

Combining Eqs. (13) and (16), one obtains: 
1 1 u,, = U,,  (pair) + U,, (self) = 7 1 C p i  Tijpj + - cpi Tic p i  (17) 

I J # I  2 ,  

1 1 
U i n d  = Uind (pair) + Uind (self) = - c 1 pi  Tij pj + - c p i  Tic p i  (1 8) 

2 i  j + i  2 ;  

where U (pair) and U (self) represent total intermolecular and total self ener- 
gy contributions respectively. 

For the case N = 125. p* = 1.732, z* = 0.05, in RF geometry ( E~~ = a), the 
value of the cutoff RZ is 2.67 (7.755 8, in real units) for p* = 0.822 (oLJ = 2.906 
8, and box edge = 15.51 A). From these values and the order of magnitude of 
the induced dipole ( z 25% of the permanent dipole), the self term corrections 
are estimated to be U,,(self)* z -0.08 and U,,(self)* z -0.02; as 
Ues(ij)* z -5.6 and U:, z - 1.5, so the neglect of the self interactions intro- 
duces an error of about 1.5% in the potential energy. The error in the 
individual induced dipoles introduced by the neglect of self polarization is 
estimated to be z alpi + pil/RZlpil z 1%. During a simulation the term U,, 
(self) is a constant and only the term Uind (self) fluctuates. From a physical 
point of view, the self interactions are not expected to change significantly the 
fluctuations of M. To check the validity of this assumption, we have repeated 
the R F  simulation with N = 125, p* = 1.732, x* = 0.05 and self interactions 
included: the values in Table 111 of E~ (170) and (&;)(4.50) become equal to 
168 and 4.53 respectively and the energy components U,*,, U:, and U:, are 
changed by ~ 0.13, ~ 0.09 and + 0.01 respectively. As the magnitude of the 
self interaction contributions decreases when the system size increases, the 
neglect of the self interactions does not affect significantly the computation of 
dielectric properties of this article. 

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
9
:
1
4
 
1
4
 
J
a
n
u
a
r
y
 
2
0
1
1



POLARIZABLE STOCKMAYER FLUID 38 1 

B. Fluctuation formula in RF geometry with sRF= 03 

Following Pollock et al. [ 3 0 ] ,  the static dielectric constant E~ of a system of 
N point dipoles pi with point polarizability a is defined from the linear 
response of the polarization density to the macroscopic electric field E in 
the sample and given by the equation: 

with M the sum of all permanent and induced dipoles in the system. I is the 
3 N  x 3N identity matrix and 

where a is the polarizability and T a 3 N  x 3 N  matrix containing the elec- 
trostatic tensors Tiy The relationship between E and E,,, depends on the 
shape of the sample and boundary conditions. In RF geometry with 
E~~ = co, E = E,,, and from the definition of Tij in Eq.(4), one obtains: 

with x, the fraction of particles inside the sphere of radius R ,  centered on 
particle i. Expansion of matrix A leads to 

Using the Clausius-Mossotti relationship to link a and E,  and Eqs. (20)-(22), 
we obtain, 

Eqs. (23) and (19) lead to the fluctuation formula of Eq. (6) after elimination 
of I.E,,,. 
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In Ladd summation with E~~ = 00, the tensors T,,T,, ... have zero aver- 
ages as well as the direct dipole-dipole tensor and: 

In that case, E = E,,,, and as Eq. (24) is the same as in RF geometry with 
cRF = a;l, the same fluctuation formula is obtained. 
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